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of physical capital alone do not give rise to sustained growth. The models that do are those built around the (endogenously determined) accumulation of knowledge or around (exogenously given) technological change. The work presented here focuses entirely on the accumulation of knowledge and dispenses with physical capital altogether. The benefits of this, in terms of simplicity, will be apparent; the costs will be discussed in the conclusions.
The description of the commodity space and preferences are also unusual for a model of economic growth. Since they are central to the results, they need some justification.
Why is it that (most) people in the industrialized countries no longer eat gruel, read by candlelight, or sleep in log cabins? The obvious answer is that they can afford to buy steak dinners, electric lights, and houses with central heating instead. They can afford these goods because real incomes have gone up; that is, the real cost of producing almost all goods has gone down. Still, why doesn't the consumer eat some gruel as well as some steak, as convexity of preferences suggests he should? The answer to this seems clear. Gruel is cheap and provides calories but otherwise does not have much to recommend it. Steak dinners provide a variety of vitamins, minerals, and protein, in addition to calories, and are much tastier as well. In this sense they are strictly "better" foods. Moreover, it is impossible to get the protein, good taste, and so forth without getting plenty of calories. Thus the one thing that gruel provides is supplied in sufficient quantity by the better foods, so gruel is redundant. A little reflection suggests that similar arguments can be made in many other instances: a new good often replaces an old one because it does or provides everything the old one did, and more as well.
This suggests that a Lancasterian (1966) characteristics model of commodities and preferences may be a useful framework for the problem at hand. The rest of the paper shows that this is indeed the case and is organized as follows. In Section II, specific assumptions are developed under which the dynamics of product introduction are as described above. It is also shown that such an economy will display sustained growth in the sense that GNP, as conventionally measured, will increase every period. The consequences of adding a "traditional" sector-one without learning-are explored in Section III, and the conclusions are discussed in Section IV.
II. Learning by Doing and New Goods
Assume that the economy has many identical consumers and many identical firms, and all markets are perfectly competitive. All consumers and firms are infinitely long-lived, and there is no uncertainty.
There is no capital, contemporaneous labor is the only factor of production, and all produced goods are perishable. All goods (including labor) are traded on spot markets in each period, and these are the only markets available. The consumer has a constant endowment of y > 0 units of labor each period, and his preferences are additively separable over time.
In each period there is a continuum of potentially producible goods indexed by s E R + and a continuum of characteristics indexed by z E R . A goods allocation in period t is represented by a piecewise continuous density, x,(s), s -0. Good s provides one unit of each of the characteristics z E [0, s], so that the goods allocation xt contains the allocation of characteristics qt given by 00 qt(Z) = { xt(s)ds, z 0.
(1) Thus higher-index goods are better in the sense that they provide more characteristics, and the notion of "better" or "higher quality" is not linked to any particular specification of preferences. For any preferences that are increasing in all characteristics, additional units of higher-index goods are always preferred, at the margin, to units of lower-index goods, regardless of the initial allocation. Define X = {x: R+ --R lx is piecewise continuous, and for some B -? 0 x(s) = 0 s -B, Q = {q: R + --R + q is nonincreasing and piecewise continuously differentiable, and for some B -0, q(z) = 0, z -B}. Then x, E X and qt E Q, all t, and (1) defines a one-to-one mapping between X and Q.
For simplicity, temporarily drop the subscript t. Assume that within each period, the consumer's preferences over allocations of characteristics q E Q are additively separable and symmetric:
These preferences are tractable yet, given the link between goods and characteristics in (1), imply strong income effects. In particular, any good is inferior at high enough levels of income. The function u will be restricted as follows. ASSUMPTION 1. u is strictly increasing, strictly concave, and twice continuously differentiable, with u(O) = 0 and u'(0) < oo.
It is important that u'(0) is finite since the equilibria will involve zero consumption of many characteristics.
All goods are produced in competitive industries, with constant returns to scale technologies and with contemporaneous labor as the only input. The links between periods come from the fact that production is subject to economywide learning by doing: the unit labor requirement for production of any good by any firm in any period depends on the entire economy's cumulative experience in production of all goods in all previous periods. That is, learning displays complete spillovers among firms and, in addition, may display spillovers among goods.
Let experience in any period be described by the state variable k, an index of "knowledge capital," taking values in the set K. The variable k may be a finite-dimensional vector, k = (kl, . .. , kn); an infinitedimensional vector, k = (kl, k2, . . .); or a real-valued function, k(k), o 0.2 In particular, it may be the function describing cumulative experience, kt(s) = It x,(s), s ? 0. The law of motion for k will be discussed below.
Within each period the technology displays constant returns to scale. Specifically, given k E K, the total labor required to produce any goods allocation x E X is f p(s, k)x(s)ds. The function p will be restricted as follows. Hence pI(, k) can be interpreted as the unit cost function for characteristics, in the sense that the cost of producing any goods allocation is simply the cost of producing the characteristics it contains. Part ii of the assumption then says that for fixed knowledge k, the unit cost curve for goods is either strictly convex or weakly concave/strictly convex. Hence the unit cost curve for characteristics is either strictly increasing or "single-troughed" (where the "trough" may be a "flat"). Part iii says that the unit cost curve for characteristics increases without bound as z -oo.
2 In general, K may be any set with a relationship "-" satisfying (i) k -k, all k E K (reflexive), and (ii) kA -kB and kB : kc implies kA " kc, all kA, kB, kc E K (transitive). The relationship need not be complete. That is, there may be k, k E K, such that k e k and k ?; k.
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Competitive equilibrium prices and quantities are then determined as follows. At the beginning of period t, knowledge kt is given. The assumptions of perfect competition and constant returns to scale then imply that all goods are priced at cost. (Since learning spills over completely and with no lag to other firms, it is not in the interest of any producer to suffer current losses in order to accelerate learning.) That is, with the price of labor normalized to unity, the function p(., kt) describes competitive equilibrium goods prices. Equilibrium quantities are then determined by the preferences of the representative consumer. The (as yet unspecified) law of motion for knowledge then determines knowledge in the subsequent period, k,? 1, as a function of kt and xt. Therefore, given initial knowledge ko in period 0, the equilibrium paths for knowledge, prices, and output can be determined. The goal here is to find assumptions under which only a limited set of goods is produced in each period, and over time lowerquality goods drop out of the produced set and higher-quality goods enter. In the context of this model, the latter will be interpreted to mean that equilibrium quantities {xtjt'.o have the following features: in each period t the set of goods actually produced is an interval [At, Bt], and both {At} and {Bt} are increasing sequences.
First consider the determination of equilibrium quantities within any period. That is, consider a consumer with the preferences above and an endowment of labor y > 0, facing the prices p(*, k). His problem is max A u(f x(s)ds)dz 
q'(z) ' 0, all z.
The feasible set for this problem is convex, and under assumption 1 the objective function is strictly concave. Hence the solution-if one exists-is unique and satisfies the first-order condition
with equality if q'(s) < 0, all s. First it will be shown that for any X > 0, there is a unique function 4p(z, X) satisfying (7)-(8) and then that, for an appropriate choice of X, (6) also holds. , k) is strictly increasing in z for z E (A, + x) , it then follows that B < B. Q.E.D.
Lemma 2 shows that under assumptions 1-3 the set of produced goods shifts to the right as knowledge grows. Specifically, greater knowledge implies that lower-index goods drop out of the produced set and higher-index goods enter.
Finally, to characterize the competitive equilibrium of a multiperiod economy, the dynamics of knowledge accumulation must be specified. Let h: K x X -* K be the law of motion for knowledge, k+ 1 = h(kt, x,). The only restriction on the function h that will be needed is the following. 
The assumptions of perfect competition and constant returns to scale imply that, with the price of labor normalized to unity, the competitive equilibrium price of agricultural goods is unity and the prices for manufactured goods are given by p(, k). Competitive equilibrium quantities are given by the solution to the consumer's problem: maximize (11) subject to (12) and the constraints a -0 and q'(z) ' 0, all z.
First it will be shown that there may be equilibrium paths that display no growth and that these paths are unstable in the sense that a 4An example in which the economy converges asymptotically to a constant rate of growth is available on request from the author. The key features of this example are that experience is one-dimensional, and additional restrictions are imposed on the cost function and the law of motion for knowledge. These assumptions make costs and learning stationary when scaled to an appropriate (common) point in characteristic space.
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(large enough) perturbation in the initial state sets the economy onto a path of sustained growth. For any U > 0 and k > 0, define E (U, k) to be the expenditure function for manufactured goods: E(U, k) = min p fP(z, k)q(z)dz, subject to u(q(z))dz -U.
With E so defined, the share of total man-hours devoted to each sector is then given by the solution to max V(a, U), subject to a + E(U, k) -y ' O. Such an economy remains stagnant forever (k, = 0, all t). However, if this economy somehow acquires enough experience to reverse that inequality, it then produces manufactured goods (U > 0) so that experience grows (kt+ 1 > kt). The same is then true in every subsequent period as well. Thus there may be a dynamic competitive equilibrium that is unstable against (large enough) perturbations in the initial state. Next consider the change over time in hours devoted to agriculture. It follows from assumption 3 that if {kJ} is strictly increasing, then the prices of all manufactured goods fall over time. This has two effects. The change in relative prices tends to decrease consumption of agricultural goods, but the increase in real income tends-assuming that agricultural goods are "normal"-to increase the quantity consumed. The net effect is the sum of these substitution and income effects, and either may predominate. This statement can be made precise by studying the market and compensated demand functions for agricultural goods. Since the prices of manufactured goods depend on knowledge, in this context both demand functions will have k as an argument instead of the usual vector of goods prices. For simplicity let k be a scalar.
It is useful first to define the indirect utility function U by rx U(e, k) = max u(q(z))dz Thus the effect on the demand for agricultural goods of a change in knowledge (and hence a change in manufactured goods prices) can be decomposed into an income effect and a substitution effect. It is tedious but straightforward to show that, as usual, the former is of ambiguous sign and the latter is negative.
IV. Conclusions
Several specific features of the technology and preferences are important for obtaining the results in theorem 1. First, it is important that learning display spillovers among goods. Otherwise, learning simply reinforces existing patterns of production, which works against both the introduction of new goods and the discontinuation of old ones. Krugman (1985) has explored such a technology, with a fixed, bounded set of goods, in the context of international trade. The conclusion there is that once an international pattern of specialization is established, it persists. Because each country learns only about the goods it has produced itself, the initial pattern of comparative advantage is simply exacerbated as production occurs. Similar conclusions can be expected in a closed economy.
Second, it is important that "forward" spillovers be stronger than "backward" spillovers. This is the basic content of assumption 3, which is similar in spirit to the restriction made in Wan's (1975) model of learning. An assumption of this sort is needed to ensure that new goods are introduced.
Finally, the characteristics model of preferences provides an analytically tractable framework for introducing interactions among goods. Specifically, it allows one to retain the simplicity of additive separability, without some of its drawbacks. Preferences that are additively separable over goods are not particularly well suited to obtaining the type of results in theorem 1. The reason is that they imply a preference for diversity in the goods consumed, which is then a strong force against abandoning the production of any good. Income effects and/ or changes in relative costs can offset this force, but joint restrictions on the technology and preferences are then needed to ensure that the latter are strong enough to produce the desired conclusions.
An unusual feature of the model above is the absence of physical capital. This implies, of course, that the model can say nothing about long-run rates of investment, rates of return on capital, and so forth. However, physical capital could be incorporated in a variety of ways. For example, one could add a capital goods sector that produces a homogeneous output with an unchanging technology. The output of this sector would be combined with labor, and the resulting "aggregate physical input" used as a factor of production in both the consumption goods and capital goods sectors. One would then be able to study questions about long-run rate of investment and so forth. However, it seems unlikely that the results in theorems 1 and 2 would be changed. Thus the omission of physical capital limits the scope of the model but seems unlikely to change the basic conclusions.
Research and development, also absent here, provides another source for sustained growth through the introduction of new goods. However, R & D could, at least in principle, also be incorporated. The results in theorems 1 and 2 will hold whenever preferences and unit costs satisfy assumptions 1 and 2, and one or more factors cause the unit cost function to change over time as described in assumption 3. The factor affecting unit costs might be R & D or firm-specific learning by doing instead of or in addition to the economywide learning by doing described here. However, the imperfectly competitive markets and dynamic incentive problems that R & D or firm-specific learning entails will make the model very much harder to analyze.
Notice, too, that in some situations R & D and learning by doing are hard to distinguish, as in Wan (1975) . It is not accurate simply to view improvements in technology as attributable to R & D if they involve a cost and to learning by doing if they do not. In a learning-by-doing model the relevant cost is an opportunity cost. It is therefore a little less obvious, but certainly no less real. The model above is typical in this respect. The agents there face a trade-off each period between current utility and the benefits of future cost reduction. Current production can serve either purpose or both. From a firm's point of view, the opportunity cost of faster learning is lower current profits. Hence for firms in competitive markets, the choice is quite simple. Since future cost reduction is a pure public good, while the costs are completely internal to the firm, the benefits of learning receive no weight in any firm's production decisions.5
Finally, notice that the model above might also be viewed as representing a sector-food, clothing, transportation, and so forth-with an entire economy then composed of several such sectors, as in Clemhout and Wan (1970) . Would such a multidimensional extension display the same qualitative properties? It is difficult to say. The onedimensional model here has the property that goods that are close in terms of consumption are also close in terms of production requirements. A multidimensional model would make such an assumption more problematic.
